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Abstract

We compute the exact pullback of the canonical field-theoretic symplec-
tic form and the exact field energy to the four-dimensional parameter space
of a kink—antikink superposition ansatz in a general relativistic scalar field
theory with degenerate vacua. The diagonal blocks of the symplectic ma-
trix reproduce the free-particle forms dP; A da; with the relativistic momenta
P, = M~;v;. The six off-diagonal interaction components are expressed in
closed form through overlap integrals of the static kink profile. The Hamilto-
nian splits naturally into the sum of the free relativistic energies of two kinks
plus an exact interaction potential V that vanishes exponentially with the sep-
aration. In the asymptotic regime of large separation the off-diagonal sym-
plectic couplings are exponentially suppressed, enabling a formal Darboux
diagonalisation. We perform the transformation to the canonical momentum
variables and discuss the resulting complete classical system as the rigorous
starting point for deformation quantisation of the interacting two-kink dy-
namics. This work opens the path to a rigorous deformation quantisation of
the interacting kink—antikink system.



Contents

1 Introduction

2 Single-kink sector

3 Two-body ansatz and phase-space embedding
4 Tangent vectors

5 Exact pullback of the symplectic form
5.1 Diagonal blocks . . . . .. ... oo
5.2 Overlap integrals . . . . . . . . ...
5.3 Explicit off-diagonal components . . . . . ... ... ...
5.3.1  Component W (94,,04,) - - v o o oo
5.3.2 Component wW®(9,,,05) -« o o oo
5.3.3  Component w®(0y,,00,) - -« o oo
5.3.4 Component W (0y,,00,) -« o« v i
5.4 Complete symplectic matrix in velocity coordinates . . . . . . . ..

6 Exact classical Hamiltonian
6.1 Kinetic energy density . . . . . ... ..o
6.2 Single-kink energies . . . . . .. ..o
6.3 Interaction potential . . . . . . . . .. ... ... ... ...
6.4 Properties of the interaction potential . . . . . . . . . . . .. .. ..

7 Transformation to momentum coordinates
8 Formal Darboux diagonalisation

9 Outlook: toward deformation quantisation
10 Conclusion

11 Application to the double sine—Gordon model
11.1 Potential and static kink . . . . .. ... ... ... ...
11.2 Two-body ansatz . . . . . . .. .. . .. ... .. ... .. .....
11.3 Symplectic form . . . . . . ...
11.4 Exact Hamiltonian . . . . . . . ... .. .. ... ... .......
11.5 Relation to earlier DSG results . . . . . . ... ... ... .. ...
11.6 Numerical evaluation of overlap integrals . . . . . .. ... .. ...

ENEENEEN e oo oo oLl

co 00 Co o

©



1 Introduction

The geometric subsystem quantisation programme [1, 2, 3, 4, 5, 6, 7] has pro-
vided rigorous quantum theories for single kinks and asymptotically free kink pairs.
A central ingredient is the pullback of the canonical symplectic form €2 from the
field phase space to a finite-dimensional parameter space. For a single kink this
yields dP A da; for two widely separated kinks the form factorises into a product
of single-kink forms. At arbitrary separation, however, the exact pullback contains
off-diagonal interaction terms that couple the parameters.

In this paper we go beyond the symplectic structure and compute also the
exact field energy (Hamiltonian) restricted to the same kink—antikink superposition
ansatz. The resulting classical system (w®, H) on the four-dimensional parameter
space of positions and velocities is the rigorous field-theoretic counterpart of the
heuristic collective-coordinate model. The off-diagonal symplectic couplings and
the interaction potential both decay exponentially with the separation, so that in
the asymptotic regime the two kinks are independent relativistic particles.

The paper is organised as follows. Section 2 reviews the single-kink results.
Section 3 introduces the two-body ansatz and embeds it into the phase space. Sec-
tion 4 computes the tangent vectors. Section 5 performs the exact pullback of the
symplectic form and gives all off-diagonal components. Section 6 derives the exact
Hamiltonian in full detail. Section 7 transforms the symplectic form and the Hamil-
tonian to the natural momentum variables. Section 8 discusses the formal Darboux
diagonalisation. Section 9 outlines the steps toward deformation quantisation and
summarises the results.

2 Single-kink sector

We consider a relativistic scalar field ¢(¢, z) in (14 1)-dimensional Minkowski space-
time with Lagrangian density
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where the potential V' : R — R is smooth and possesses at least two degenerate
global minima ¢_ < ¢, with V(py) = 0 and V"(p4+) > 0. A static kink fy(z)
connecting ¢_ to ¢, satisfies f = V'(fo), the first integral $(f})* = V(fo), and

has mass - o
M= [ (gpde= [ VAR
—00 p—

A boosted kink with centre a € R and velocity v € (—=1,1), v = 1/v/1 — 0?2, has
Cauchy data at t = 0:

Gap(®) = foly(z —a)),  mau(z) = —yv fo(y(z = a)).
The pullback of the canonical symplectic form Q = [(d7Ad¢) dz to the translational
moduli space M; =R x (—1,1) gives w; = dP A da with P = M~v [7].
The antikink is obtained by reflection f5(x) = fo(—x), with identical mass and
symplectic structure.



3 Two-body ansatz and phase-space embedding
We superimpose a kink and an antikink with independent centres aq, as and veloc-
ities vy, vo. The Cauchy data at ¢t = 0 are

Paror,a2,02 (1) = fo(n1(z = a1)) + fo(r2(a2 — 2)) — o4,

Tay a2, (T) = =701 f(/)(’Yl (z — @1)) — Y202 fé(’h(&z - 13)),

with 7; = 1/4/1 —v?. The constant —p, ensures that ¢(z) — ¢_ as © — Foo
for any finite ay,as. Thus (¢, 7) belongs to the affine Sobolev space A := (p_ +
H'(R)) x L*(R). The map

U:R? x (—1,1) — A, (ay,v1,a,v2) = (¢, ),

(1)

is smooth because fy is smooth and its derivatives decay exponentially.

Remark 3.1. The ansatz (1) is not an exact solution of the field equations; it is a
point in the full phase space, not in the solution manifold. The pullbacks V*2 and
the field energy evaluated on W therefore yield the exact restriction of the canonical
structures to a physically motivated finite-dimensional submanifold; they do not
describe a subsystem of the exact dynamics.

4 Tangent vectors

Set z1 = y(r — a1) and z3 = Yo(az — ). The derivatives with respect to the
parameters are:

aa1¢ = _Wlfé(zl)a
0oy = 7701 fo (21),
00y = Nui(z — ar) fy(=1),
0o, = =1 fo(21) = Wi folz1) — mvi(e — a1) f (=20),
aa2¢ = _72f6(z2)a
Oay™ = +7302 f§ (22),
Doy = 302 (a2 — ) fo(22),
Do, = 2[5 (22) — 1503 fo(22) — 03 (a2 — ) fi (22).
All these vector fields lie in H*(R) x L*(R) because f{, f/ decay exponentially.

(3)

5 Exact pullback of the symplectic form

The canonical symplectic form on A is

Q((¢1,m1), (¢2,m2)) = /R(qubz — ma¢1)d.

The pullback w® = ¥*(Q is the closed two-form on R? x (—1,1)? with coefficients
WZ(;) = / (aqi'ﬂ'aqqu - aq,jﬂ- aql¢)d$7 q = (a/17 U1, g, UQ)'
R

>



5.1 Diagonal blocks

For the kink parameters (ay,v;), the integrand involves only fi(z1), fi(z1); the
antikink part does not contribute because it is not differentiated. The computation
is identical to the single-kink case, giving

w(2) (aal ? avl) - _Mfyl37 w(2) (87-)17 80‘1) - +M’Y%'
Similarly, the antikink block yields w®(d,,,d,,) = —M~3. Consequently,

Wkink = APy Aday,  Wantikink = dP> A dag, P; = M,v;.

5.2 Overlap integrals

To express the off-diagonal components we introduce the following convergent in-
tegrals. Let féo) = fo. fél) = fis féQ) = fi/. For any m,n € {0,1,2} define

Lo = / (0 (5 — a)) £ (o2 — 7)) d,
Koy = / (& — a) S (n( — a1)) £ (ralaz — ) d,
Lo = / (a2 — 2) fS (0 — a1)) £ (yalaz — 7)) d,

Mir = [ (= ar)(oa =) fon o = ) fa(oa =) d

All these integrals are finite because f{, f{ decay exponentially and the polynomial
factors do not spoil convergence.

5.3 Explicit off-diagonal components

We now compute each of the six independent off-diagonal components.

5.3.1 Component w®?(9,,,d,,)

8a17T = ’Y%'Ulf(,)/(zl)7 8a2¢ = _’YQf(l)(ZQ)v
3@27T = 722U2f6/(22)7 3a1(/5 = —71f6(21)-

Hence
W(Q)(aan Oy) = —7%72”01]21 + 71722”02]12-
5.3.2 Component w?(9,,,d,,)

3v2gb - /VSU?(GQ - Ct?)fé(Zz),
Ouym = —72fi(22) — 1303 fi(z2) — a3 (az — x) i (22).



Then

w@(0u,,0,,) = /

R

(B0 ff (1) (3ealas = 2)fj(22))
— (—2f5(22) — 7303 f(22) — 7303 (as — m)féf(zz))(—’hfé(zl))}dm

= 7%’73”1”2[121 — el — ’Yl’YSU%IM — 'ng‘nglg.

5.3.3 Component w?(9,,,d,,)

By symmetry,

W (D, 0uy) = —Viv3v1v2 K12 + 1172111 + Vvt li1 + V1720 Ko

5.3.4 Component w? (9, ,0d,,)
W (yy, 0y) = ViV30102 M1 — iy2v1 Iy — Vivaviva L — A vav1vs L
— 1173 v2d11 — Yivavivali — A1y viva Ko

The remaining components are obtained from skew-symmetry.

5.4 Complete symplectic matrix in velocity coordinates
The full symplectic matrix in the basis ¢ = (a1, v1, ag, v2) is
0 -M 710) Cis Cia
2) M’)/;l)’ 0 023 024

—Ci3  —Cy 0 —M'YS’ ’
—Cuu —Cy M’YS 0

where Ci3,Chy, Coz, Oy are the off-diagonal coefficients given above. All Cj; are
smooth functions of (a1, v, as, v2) and decay exponentially as s = ay — a3 — 0.

Remark 5.1 (Sign convention). The canonical symplectic form on the field phase
space is taken as Q = [(om A 0¢) dx. With this convention, the diagonal blocks are
dP; A\ da; and the Poisson brackets are {a;, P;} = 6;;. The same convention is used
throughout the geometric subsystem quantisation programme [1, 7].

6 Exact classical Hamiltonian

We now evaluate the field energy functional

1

Elp, 7] = 5 /R(W2 + 02+ 2V(p))da

on the ansatz (1). With the abbreviations z; = v1(z — a1), 22 = Y2(az — ) we have

e = Mfo(21) — 12 fo(22),
™= —71U1f(/)(21) - 72U2f6(2’2)'
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6.1 Kinetic energy density

57 = SRR (o)) + 5 BB + mrores folon) fo(z2)

1

598 = 3R + 523Un(2)) = wm folan) fo(ea).

Adding these,

Lie Lt = L () 220 ) ) (v —1) ) )

6.2 Single-kink energies
For a single boosted kink the energy density would be

Hi = 5720+ D)) + V(fola1),

and its integral gives the relativistic energy M~;. This follows from the first integral
ft2 =2V (fo) and the change of variable dz = dz;/;.

6.3 Interaction potential
We write the total Hamiltonian as
H(ay,v1,a9,v9) = M~y + M~ys + V(s,v1,v9),

where the interaction potential is obtained by subtracting the single-kink contribu-
tions from the full field energy:

V(s,v1,v2) = /_Oo [7172(’01112 — 1) fo(z1) fo(22)
+ V(fo(z1) + folz2) — +) = V(fo(z1)) — V(fO(ZQ))] dr

All integrals converge because the difference of potentials and the product f}(z1)f)(22)
decay exponentially when z is far from both centres.

6.4 Properties of the interaction potential

e Exponential decay: For large separation s = as — a; the integrand is
supported only in a small overlap region, and V(s,vy,v9) = O(e **) where
p=min{\/V"(¢0_),/V"(4+)} is the decay rate of the kink profile.

e Static limit: Setting v; = vy = 0 (hence ~; = 1) eliminates the kinetic cross
term, giving the well-known static interaction

o0

Vi (s) = V(s,0,0) = /_ V(fo@) + fols = 2) = 91) = 2V (fo()|de

[e.e]

For standard double-well potentials this is attractive and decays as —Vpe™#*
with Vj > 0.



e Non-relativistic reduction: For low velocities v; < 1, expanding ~; ~
1 + 1ov? and expressing v; & P;/M (where P, = M~;v; are the canonical
momenta) yields

Pz p2
H=~2M+ —L + —2 4+ V. .(s).
+2M+2M+Vt(s)

This is the standard non-relativistic two-body Hamiltonian with reduced mass
= M/2 and interaction potential Viy(s).
7 Transformation to momentum coordinates

For quantization it is natural to work with the canonical variables (a;, P;). The
relativistic momenta are

P2 P
Py = M~,v;, Vi = 1+W7 Ui:—m-

The diagonal blocks of the symplectic form become simply dP; A da; and dP, A das.
To obtain the off-diagonal components in the new coordinates we must transform
the two-form from the (vy,v,) basis to the (P, P») basis. Let J be the Jacobian
matrix of the coordinate change; its only non-trivial block is

or 3 or

: 0
8UZ' T aaj ’

so J is diagonal in the velocity-momentum sector. Consequently,

0P,

w@(0ay,0p,) = Cly o Cha [ (M~3),
Vg
OP

w® (Op,, 0ay) = Cog 8_111 = Cos / (M~}),
1

0P, OP.
W (Op,, 0p,) = 024/ (3_1;118_2)22) = Cou [ (M*7773),

while w®(d,,,0d,,) remains unchanged. The transformed off-diagonal coefficients
are again exponentially small for large separation s.
The Hamiltonian in the momentum variables is obtained by substituting v; =

P,/(M~;) and ~; = y/1 4 P?/M? into the expression for H.

8 Formal Darboux diagonalisation

In the asymptotic regime s > 1/u all off-diagonal symplectic entries are of or-
der ¢ = e #5. The symplectic form can be written as w® = wy + w;y, where
wo = dPy ANday +d P, Ndas and wy collects the exponentially small corrections. Both
wo and wy + cw; are closed and non-degenerate on an open neighbourhood of the
asymptotic region. By the formal Darboux theorem (or Moser’s lemma for sym-
plectic forms depending on a small parameter), there exists a formal power series



in € of symplectic diffeomorphisms that transforms w® to the constant form wy.
The coefficients of this transformation can be determined recursively; their explicit
construction is not required for the programme that follows—the mere existence of
such canonical Darboux coordinates is sufficient.

9 Outlook: toward deformation quantisation

The present paper supplies the complete classical data: the exact symplectic form
w® and the exact Hamiltonian H on the four-dimensional parameter space of the
kink—antikink ansatz. Together they define a classical Hamiltonian system that con-
stitutes the rigorous field-theoretic counterpart of the collective-coordinate model.

The existence of formal Darboux coordinates (aj, ]51) in which the symplectic
form is canonical opens the path to a rigorous deformation quantisation. The main

steps are:

1. Pull back the classical Hamiltonian H (a1, Py, as, Py) to the Darboux coordi-
nates, obtaining H(ay, Py, as, Ps).

2. Define the Moyal star product in the Darboux coordinates:

frg=1f xp{%ifj(ﬁaf ~b500)] ¢

=1

3. The star product in the original coordinates is obtained by conjugation with
the Darboux map, providing an associative deformation quantisation of the
Poisson bracket induced by w®.

4. The quantum Hamiltonian H is obtained from H via the Weyl correspondence.

The implementation of this programme will be carried out in a separate work.

10 Conclusion

We have computed the exact pullback of the canonical field-theoretic symplec-
tic form and the exact field energy to the four-dimensional parameter space of a
kink—antikink superposition ansatz. The diagonal blocks of the symplectic matrix
reproduce the free-particle forms dP; A da;; the six off-diagonal interaction compo-
nents have been expressed in closed form through overlap integrals of the static kink
profile. The Hamiltonian splits into the sum of two free relativistic energies plus
an exponentially decaying interaction potential. The transformation to the natural
momentum variables was performed, and the formal Darboux diagonalisation of the
exponentially small off-diagonal symplectic couplings was shown to exist.

This work supplies the rigorous classical geometric input necessary for the de-
formation quantisation of the interacting kink—antikink system and constitutes a
key step in the geometric subsystem programme for non-integrable field theories.
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11 Application to the double sine—Gordon model

We now specialise the general results of Sections 5 and 6 to the double sine-Gordon
(DSG) equation. This model is non-integrable, physically relevant, and supports
both elementary kinks and multi-kinks; it therefore provides a non-trivial test of
the framework.

11.1 Potential and static kink
The DSG potential is

V(SO):l—COSso—I—g(l—COSQ(p), Kk > 0. (5)

The global minima are ¢ = 0 (mod 27) and ¢ = 27n for any integer n, with
V(0) = V(2mn) = 0 and V"(0) = 1 4 2k > 0. The elementary kink fy(z) connects
¢_ =0 to ¢ = 27 and satisfies the static ODE f = V'(fy) together with the first
integral (f5)* =V (fo). Its mass is

om 27
M = \/2V(gp)dg0:/ \/2(1—cosgo+g(1—005280))d90-
0 0

For x = 0 this reduces to the sine-Gordon value M = 8; for k > 0 it is larger and
can be computed numerically or expressed in terms of elliptic integrals. The exact
closed form of fy(z) is not known for k # 0, but the profile decays exponentially
with rate p = /1 4+ 2k at both vacua.

11.2 Two-body ansatz

The kink—antikink superposition ansatz (5) becomes

Pay o1 02,02 (T) = fo(%(x—al))+fo(72(a2—$))—27T7 m(z) = —71U1f6(21)—72v2f6(22)7

with 23 = y1(x — a1), 20 = Y2(ay — x). The constant —27 ensures that the field
tends to 0 at x+ — +oo.

11.3 Symplectic form

The diagonal blocks are again the free-kink forms dP; A da; with P; = M~;v;. The
off-diagonal coefficients are given by the general expressions in Section 5, where
the overlap integrals Iy1, I51, K19, Loy, L1s, M1y are constructed from the DSG kink
profile. Although fj is not elementary, all these integrals are absolutely convergent
because fj and f{/ decay exponentially. They can be evaluated numerically for any
given separation and velocities, or studied analytically in the asymptotic regime
s=uay—a; > 1/pu.

For s > 1/u, the supports of f{(v1(z—ay)) and f{(y2(az—x)) are separated, and
every overlap integral is bounded by C'e™"*. Hence the off-diagonal coefficients Cj;
are exponentially suppressed, and the symplectic form approaches the free product
dP; N\ day + dP; A day. This is a direct consequence of the exponential decay of the

11



kink profile and the factorisation of the overlap integrals in the asymptotic regime;
it is consistent with the physical expectation that widely separated kinks behave
independently.

11.4 Exact Hamiltonian

The interaction potential V(s, v, vy) simplifies because V() is now the DSG po-
tential. In the static limit v; = vy = 0,

Vine(8) = /_OO [V(fo(:v) + fo(s —z) = 2m) — 2V (fo(x))|dz.

For large s, the dominant contribution comes from the region where z is close to a;
and s — x is close to as, so that the two kink tails overlap. Using the asymptotic
form of fy near the vacuum,

fo(z) ~ Ce ™ (x — 00), fo(=z) ~2m — Ce'®  (x — —00),
one finds, as in the general discussion,
‘/int(s) ~ _% 6_“87

with Vg > 0; the interaction is attractive. The value of Vj can be expressed in terms
of the coefficient C' and the curvature of the potential; for the DSG model it can
be computed numerically from the kink profile.

In the non-relativistic limit the Hamiltonian reduces to

Haont D0 By e
~ oM " onm  0C o

which is the standard starting point for a quantum mechanical scattering analysis
of the DSG kink-antikink pair.

11.5 Relation to earlier DSG results

In [5] the elementary DSG kink was quantised and its translational moduli space
was shown to carry the canonical symplectic form dP A da. The present paper
reproduces this result as the diagonal blocks of the two-body system. In [6] the
multi-kink sector (static 27 kinks) was quantised using the same pullback method;
the single-kink result is again a special case of the general formula when one of the
solitons is sent to infinity. Thus the present two-body analysis is fully consistent
with the existing geometric quantisation of DSG solitons.

11.6 Numerical evaluation of overlap integrals

Although not required for the theoretical framework, the overlap integrals can be
computed numerically by solving the static ODE f{f = V’(f,) with the appropriate
boundary conditions and then evaluating the integrals. Such a numerical study
would provide the quantitative interaction potential Vi, (s) and the off-diagonal
symplectic coefficients for any desired separation, enabling a direct comparison with
phenomenological collective- coordinate models and with full field-theory simula-
tions of kink-antikink scattering. This is an interesting direction for future work.
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